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It has been shown in the past century that the particle inertia against velocity change has increased at higher
velocity values. This increase has been predicted in principle in the framework of special theory of relativity.
However, any comparison of the corresponding prediction with experimental data obtained already in the first
half of the past century has not been provided until now. It will be shown in the presented paper that quite arbi-
trary inertia mass increase with velocity may be described also in the framework of the classical physics on the
basis of Hamilton’s equations if the force law of Newton will be generalized; i.e., if time change of particle mo-
mentum (not directly acceleration) will be determined by corresponding force. More general velocity-dependent
formulas (containing some free parameters) for kinetic energy, momentum and force will be then derived. It will
be further shown that this generalized Hamiltonian mechanics describing general mass increase with velocity
may be reduced to known result of classical physics of Newton if mass value is taken to be constant, and also
that the result of special theory of relativity may be derived if the given increasing function is taken as predicted
in this theory.
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I. INTRODUCTION
The existence of particle inertia increase with velocity was
predicted by special theory of relativity (STR) in the past cen-
tury (see [1, 2]). However, any comparison with correspond-
ing experimental data has not been presented until now, even if
they have existed since the first half of the past century. It will
be shown in the following that similar phenomenon may be
derived also in the framework of generalized classical physics
(GCP) when Newton’s force law will be correspondingly gen-
eralized; i.e., the effect of a force on a particle will be defined
as ~F = d~p/dt = d(m(v)~v)/dt. The basic equations of Hamil-
ton may remain without any change in such a case. It is nec-
essary only to admit in the definition of Hamiltonian that the
corresponding mass values of individual particles are not con-
stant; they are to be defined as dependent on corresponding
velocity values (possibly in dependence on some free param-
eters).
The generalized classical system involving very arbitrary
increase of inertial mass with velocity will be introduced in
sect. II. The GCP solutions may be rather diverse; they must
be always limited only at very low velocity (kinetic energy)
values to be in agreement with all results of classical mechan-
ics. It will be then shown in sect. III that the solutions may be
reduced not only to the results known from classical physics
of Newton, but also to those predicted by special theory of
relativity. In sect. IV some different possible alternatives will
be presented and compared to the behavior obtained in the
framework of special theory of relativity.
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II. GENERAL CLASSICAL SYSTEM
Let us start with the motion of a matter particle in a force
field. The effect of force (represented by vector ~F ) on a
particle having position ~q, velocity ~v and momentum ~p may
be characterized in the three-dimensional space by following
conditions (v = |~v|, similar notation will be used for any other
vector and its magnitude):
~p =m(v)~v , (1a)
~F dt =d~p , (1b)
d~q =~vdt , (1c)
~F .d~q =dEkin(v) , (1d)
where Ekin(v) represents corresponding kinetic energy value
and m(v) represents the inertia of a given particle (i.e., the
ability of a given force to change particle velocity at a given
velocity value). The space-coordinates effect of force repre-
sents the increment of work; the time effect is given by the
change of momentum (not directly by acceleration).
The formula (1b) reduces to standard Newton law when
m(v) = m(v=0) . In generalized case it follows from the pre-
ceding equations
dEkin(v)
dv
=
d~p
dv
.
dv
dt
d~q
dv
=
d~p(v)
dv
.~v , (2)
dEkin(v)
dv
= ~v.
(
m(v)
d~v
dv
+~v
dm(v)
dv
)
= v m(v) + v2
dm(v)
dv
;
(3)
it holds also
dEkin
dt
= ~F .~v . (4)
Integrating eq. (3) from 0 to v following general relation for
kinetic energy of accelerated particle to velocity v
Ekin(v) =
(
v2m(v)−
∫ v
0
dv′ v′m(v′)
)
(5)
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2may be derived. On the basis of eqs. (1a) and (1b) one may
write
~F =
(
d~v
dt
m(v) +~v
dm(v)
dv
dv
dt
)
. (6)
Instead of ~v we may define dimensionless vector and its
magnitude (as it has been done also in the context of STR)
~β =
1
c
~v , β =
v
c
(7)
where constant c represents the speed of light in vacuum (suit-
ably chosen velocity unit to simplify the solution of given
problem). Variable ~β (or its magnitude β ) will be called also
velocity in the following for the sake of simplicity (there is
always one-to-one correspondence between~v and ~β ).
To describe inertia increase we shall further define for any
moving particle the function
m(β ) = m0 f (β ) (8)
where f (β ) is a dimensionless monotonically rising function
of velocity and parameter m0 = m(β=0) (rest mass) may be
different for each particle.
The motion is to correspond to the results of classical me-
chanics in the region of very low velocity values; it is neces-
sary to hold
f (β =0) = 1, (9a)
d f
dβ
(β =0) = 0, (9b)
d f
dβ
(β ) ≥ 0 . (9c)
The monotonically rising function f (β ) is then to fulfill
also the conditions derived from basic classical equations (1);
it should hold (see eqs. (7) and (8) and eqs. (1a), (1b) and (5))
Ekin(β ) =m0c2
(
β 2 f (β )−
∫ β
0
dβ ′β ′ f (β ′)
)
, (10)
~p =m0 f (β )~β , (11)
~F =m0 c
(
d~β
dt
f (β ) +~β
d f (β )
dβ
dβ
dt
)
. (12)
The general formulas (10), (11) and (12) have been derived
for arbitrary function f (β ) (limited only by the conditions
(9)) and, therefore, might allow to introduce quite different
dependences of inertia increase specified by function f (β ).
Parameter m0 may be determined in principle from the data
of classical physics at very low velocities. The actual shape
of function f (β ) (which may contain some additional free pa-
rameters, too) should be, however, derived from data at higher
velocity values.
The given approach will hold for any physically acceptable
definition of the potentials between individual particles. In
extreme case one particle may be substituted by some facil-
ities providing corresponding (eventually constant) force in
the whole considered space. Effect of this force on particle
motion, at different velocity values, should be measured. It
concerns mainly electromagnetic force acting on charged par-
ticle. The function f (β ) (containing some free parameters)
can be then derived from experimental data with the help of
eq. (12).
The time evolution of a given particle system (of any indi-
vidual coordinate) may be described with the help of standard
Hamilton’s equations (qi, pi representing individual compo-
nents of corresponding vectors; see e.g. [3])
dqi
dt
=
∂H
∂ pi
,
dpi
dt
=−∂H
∂qi
(13)
where the Hamiltonian H representing the total energy (the
sum of kinetic energy and corresponding potential energy for
all particles) and the force acting on a corresponding particle
equal (p = |~p|)
H = Ekin(p)+U(~q), ~F = −∇U(~q) . (14)
This force may be derived from the function U(~q) (the sum
of potentials acting from other particles). The expression for
kinetic energy (as well as momentum) of individual particles
is to be generalized in agreement with relations (10), (11) and
(12).
The derived general formulas may describe very different
physical characteristics (very different possibilities). In the
following we introduce for demonstration purposes some dif-
ferent alternatives which are analytically solvable correspond-
ing to physical systems with infinite as well as finite maximal
velocity (the general formulas do not contain any a priory limit
on the maximal velocity value βmax).
III. ALTERNATIVE POSSIBILITIES OF INERTIA
INCREASE
A. Transition to Newton’s theory
First of all let us start with showing that the general rela-
tions (10) and (11) may reproduce the results known from the
classical physics. If
f (β ) = 1, (15)
i.e., m(β ) defined by eq. (8) does not depend on velocity, then
the kinetic energy given by the general formulas may be writ-
ten in the form
Ekin(β ) =
1
2
m0c2β 2 =
1
2
m0 v2 (16)
~p = m0 c~β = m0~v, (17)
which are well known relations of classical physics of New-
ton.
3B. Infinite velocity limit
In the previous case the maximum particle velocity βmax
might tend to infinity. However, it may occur in many differ-
ent ways; as an example, we may introduce simple exponen-
tial function with one free parameter (ε > 0)
f (β ) = e
1
2 (
β
ε )
2
(18)
which satisfies evidently general conditions (9) and which
may describe the mass increase defined by eq. (8). On the
basis of eq. (10) one then obtains for kinetic energy
Ekin(β ) = m0 (εc)2
[
e
1
2 (
β
ε )
2
((
β
ε
)2
−1
)
+1
]
, (19)
momentum being given by eq. (11).
With the help of eqs. (11) and (19) and Taylor expansions
at zero velocity one may write
Ekin(β ) ≈12m0 c
2β 2[
1+
3
4
(
β
ε
)2
+
5
24
(
β
ε
)4
+O
((
β
ε
)6)]
,
(20)
~p ≈ m0 c~β
[
1+
1
2
(
β
ε
)2
+
1
8
(
β
ε
)4
+O
((
β
ε
)6)]
.
(21)
The agreement with classical results, see sect. III A, will
be conserved in the region of velocity values in which holds
v εc (i.e., β  ε). Very different behavior exists, however,
in the region of great velocity values for different values of
parameter ε . In all these cases the velocity values increase to
infinity with rising kinetic energy value (or vice versa). Sev-
eral different cases will be shown in sect. IV.
C. Finite velocity limit
It is possible, of course, to define the increasing function
f (β ) in different ways, too. Instead of exponential form it
may be chosen, e.g.,
f (β ) =
1√
1 − (βε )2
(22)
where ε is again a free parameter greater then zero. The ki-
netic energy will go to infinity at maximal velocity value
βmax = ε (23)
(it must hold β < βmax ). It will hold then further (see eq. (10))
Ekin(β ) = m0c2ε2 ( f (β )−1) . (24)
If ε = 1, then eqs. (11) and (22) to (24) correspond fully
to the result derived in the framework of STR in the previous
century.
With the help of eqs. (11) and (24) and Taylor expansions
at zero velocity one may write
Ekin(β )≈ 12m0c
2β 2
[
1+
3
4
(
β
ε
)2
+
5
8
(
β
ε
)4
+O
((
β
ε
)6)]
,
(25)
~p ≈ m0c~β
[
1+
1
2
(
β
ε
)2
+
3
8
(
β
ε
)4
+O
((
β
ε
)6)]
.
(26)
These series are similar to (20) and (21); first two terms being
the same. Eqs. (11) and (24) corresponding to eq. (22) are
in agreement with the results of classical physics if v εc
(β  ε).
IV. COMPARISON OF DIFFERENT ALTERNATIVES
In the preceding sections all results concerning inertia in-
crease with rising velocity in the framework of generalized
classical physics have been derived under the additional as-
sumptions given by eq. (9) and guaranteeing agreement with
original results of classical physics at very low velocity val-
ues. The formulas showing the dependences of kinetic energy
on particle velocity value at divers choices of function f (β ) ,
containing one free parameter ε , have been presented.
Fig. 1 shows then comparison of several possibilities of ki-
netic energy (divided by constant m0c2 for convenience) in-
crease with increasing particle velocity β . In fig. 1a the re-
sults obtained with the help of exponential f (β ) function (see
eq. (18)) are plotted for three different values of free parame-
ter ε; they are compared to the prediction derived in STR cor-
responding to function f (β ) given by eq. (22) for ε=1, and
also to the classical physics of Newton where f (β ) is indepen-
dent of velocity (see eq. (15)). In the case of the exponential
f (β ) function the maximal value of velocity and correspond-
ing maximal value of kinetic energy has not been limited as
one may see also from the plot.
The dependences of kinetic energy corresponding to the
other type inertia increase specified by function f (β ) defined
by eq. (22) are then shown in fig. 1b (for three different val-
ues of parameter ε , too). In this case each of the alternatives
corresponds to different finite maximal velocity value given
by eq. (23). The case corresponding to ε=1 (βmax =1) rep-
resents the dependence known from the special theory of rel-
ativity, see sect. III C.
While at very low velocity values each of the plotted depen-
dences of kinetic energy has been in agreement with classical
physics of Newton (which may bee seen also from the plots) it
may behave quite differently at high velocity values according
to the value of free parameter (choice of function f (β )).
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(a) Kinetic energy given by eq. (24) for three values of parameter
ε (corresponding to infinite maximal velocity βmax) compared
to the dependence derived in STR and the dependence known in
the classical physics of Newton (see eq. (16)).
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(b) Kinetic energy given by eq. (19) for three values of param-
eter ε (corresponding to finite maximal velocity βmax); the case
with ε = 1 (βmax = 1) represents the dependence known from
STR.
FIG. 1: Comparison of kinetic energy Ekin(β ) , divided by β -independent constant m0c2, in dependence on velocity β of moving particle in
different alternatives.
V. CONCLUSION
In the preceding it has been shown that the phenomenon
of inertial mass increase with rising velocity value may be
derived also in the framework of classical physics based on
standard Hamilton’s equations (13) if the force law proposed
by Newton has been generalized; i.e., the time change of
momentum having been given by corresponding force, see
eqs. (1a) and (1b). The values of particle inertia masses in
corresponding Hamiltonian are to be represented by function
m(β ) = m0 f(β ) where f (β ) has been increasing dimension-
less function of velocity β (β = v/c, where c is the speed of
light in vacuum) .
Relations (10), (11) and (12), derived in this paper for the
first time, represent general formulas of kinetic energy, mo-
mentum and force in dependence on velocity for a given and
in principle arbitrary function f (β ) , i.e., inertia increase. The
newly derived general formulas provide, therefore, basis for
comparison of different possible alternatives to experimental
data. Parameter m0 may be determined in principle from the
data of classical physics at very low velocities. The actual
dependence of function f (β ) (which may contain some addi-
tional free parameters, too) should be, however, derived from
data at higher velocity values.
The derived general formulas may describe very different
physical results. Very different dependences of kinetic energy
on velocity may be obtained at high velocity values as it has
been shown for several cases under different assumptions in
sect. III. Some examples have been presented for cases with
infinite as well as finite maximal values of velocity in fig. 1.
It has been shown that the general formulas (10), (11) and
(12) may reproduce, in special cases, the results of classical
physics of Newton as well as the predictions derived in the
framework of the special theory of relativity, see sects. III A
and III C. Numerical comparison of dependences of kinetic
energy in dependence on velocity for different alternatives of
function f (β ) have been shown for demonstration purposes
in sect. IV.
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